Abstract. This paper presents a study of bifurcation in the time-averaged dynamics of TaO memristors driven by narrow pulses of alternating polarities. The analysis, based on a physics-inspired model, focuses on the stable fixed points and on how these are affected by the pulse parameters. Our main finding is the identification of a driving regime when two stable fixed points exist simultaneously. To the best of our knowledge, such bistability is identified in a single memristor for the first time. This result can be readily tested experimentally, and is expected to be useful in future memristor circuit designs.
Introduction
The past decade has witnessed a growing interest in memristive devices and systems [1] (memristors), both from a fundamental point of view and with a view to applications [2, 3, 4, 5] . However, even today there are still a lot of open questions to be answered concerning, for instance, the formulation of predictive models [6, 7] , the fabrication of device structures with desirable and repeatable switching characteristics, their integration with CMOS circuitry [8] , and even the foundations of the memristor concept [9, 10, 11] . By definition [1] , a voltage-controlled memristive system is a twoterminal resistive device with memory described by
where V M and I are the voltage across and current through the system, respectively, G (x, V M ) is the memductance (memory conductance), x is a vector of n internal state variables, and f (x, V M ) is a vector function. In principle, memristors may have quite interesting behavior from the dynamical system point of view [12] . In fact, very recently we have demonstrated the possibility of stable fixed points in the time-averaged dynamics of memristors driven by narrow pulses of alternating polarities [13] (see Fig. 1 (a) for schematics of the sequence of pulses). Additionally, we have identified two broad classes of memristor models with and without a stable fixed point in their dynamics [14] , and found analytical solutions for the transient dynamics of two types of pulse-driven memristors in the presence of a stable fixed point [15] .
As almost all previous results [13, 14, 15] on fixed points of pulse-driven memristors are limited to simple models, it is of great interest to understand the possible occurence of stable fixed points in the dynamics of physical memristors. In this paper, we consider the dynamics of a TaO memristor subjected to narrow pulses of alternating polarities. Our considerations are based on an accurate physics-based model introduced in [16] , and subsequently adopted in several other studies [17, 18] . The analysis is simplified by the fact that the TaO memristor model [16] involves a single internal state variable. Therefore, to find the stable fixed points, it is sufficient to analyze the sign of an effective 
B i f u r c a t i o n p o i n t s Figure 2 . Sign of the evolution function g(x, V + , V − ) at V + = 0.6 V and τ 1 = τ 2 . This function is defined by Eq. (6).
evolution function (g(x, V + , V − ) in Eq. (6)). One of our main results is that there exists a region of pulse parameters where the number of stable fixed points is two (see Fig. 3 ).
In addition, analytical expressions are derived for the bifurcation curves separating the regions with different numbers of stable fixed points (Section 4).
Model
According to [16] , some TaO memristors are accurately described by equations of the form
where the memductance
A, B, σ of f (on,p) , x of f (on) , β, G M , a, b are constants, and H(...) is the Heaviside step function. All simulations reported below were performed using the following set of parameter values [17] : A = 10
Previously, we have shown that stable fixed points (attractors) may exist in the time-averaged dynamics of driven memristors [13, 14] . In the case of first-order memristive systems (x is a scalar in Eqs. (1)- (2)), the fixed points can be determined as the time-independent solutions of the following equation [14] Here,x(t) = 
and unstable if
In what follows, it is assumed that τ + = τ − , V + > 0, and V − < 0. Moreover, henceforth, we omit the bar over x, considering only the time-averaged internal state variable.
Numerical results
A bifurcation can be defined as a qualitative change in the behavior of a dynamical system with a change of parameters. In the present paper we study how a change in the pulse amplitudes (the parameters V + and V − ) influences the fixed points of driven memristors. At fixed V + and V − , the equationẋ = g(x, V + , V − ) represents a vector field on the line, defining the velocityẋ at each x [12] . To understand the qualitative behavior of driven memristors, it is sufficient to examine the change in sign of g(x, V + , V − ): the transition from positive to negative indicates a stable fixed point, while the opposite transition indicates an unstable one (see Fig. 1(b) ). . Time dependence of the internal state variable x for two selected initial conditions. This plot demonstrating two distinct basins of attraction was obtained using the following set of parameter values:
vicinity of x ≈ 0.05. As V − increases, an unstable fixed point and a stable fixed point are born at V − ≈ −0.817 V and shift in opposite directions (a supercritical saddle node bifurcation). At V − ≈ −0.657 V, the unstable fixed point born at V − ≈ −0.817 V and a stable fixed point located at smaller values of x annihilate each other (a subcritical saddle node bifurcation).
As there are two control parameters involved, V + and V − , it is worthwhile to analyze the qualitative properties of the system in a two-dimensional region of these parameters. For this purpose, in Fig. 3(a) we plot the number of stable fixed points, N st , as a function of V + and V − (here, each data point was found by a numerical analysis of the zeros of g(x, V + , V − )). Fig. 3(a) demonstrates that within the selected domain of pulse amplitudes, N st ranges between 0 and 2. Fig. 3(b) illustrates the shape of the effective evolution function g(x, V + , V − ) in various regions of Fig. 3(a) . Finally, we simulate the memristor dynamics for the most interesting case of N st = 2 by numerically solving Eqs. (3)-(4) . From the analysis of the zeros of g(x, V + , V − ), we have identified the locations of the stable and unstable fixed points, which are indicated by the horizontal dashed lines in Fig. 4 . The unstable fixed point at x ≈ 0.237 separates the basins of attraction of the stable fixed points at x 1 ≈ 0.106 and x 1 ≈ 0.371. Our numerical modeling shows that when the initial condition (such as x(0) = 0.2 in Fig. 4 ) belongs to the attraction basin of x 1 , the system trajectory asymptotically approaches x 1 . Similarly, when x(0) belongs to the attraction basin of the second attractor, the trajectory approaches x 2 . The oscillations about x 2 are related to the strong nonlinearity of the effective evolution function (see the V + = 0.54 V, V − = −0.6 V curve 3 in Fig. 3(b) ), and can be reduced by using shorter pulses.
Analytical analysis
In this section, we develop an analytical understanding of Fig. 3(a) . Our specific goal is to derive approximate analytical expressions for the bifurcation curves. To simplify the presentation, Fig. 5 exhibits the curves derived below, which are denoted by A, B, C, and D. For most of their length, curve A separates the regions N st = 2 and N st = 1, while curve B separates the regions N st = 1 and N st = 0 (compare Fig. 5 to Fig. 3(a) ). Curves C and D (shown in the inset) represent nonparametric expressions for two branches of A.
Before starting the derivation, recall that at a stable fixed point, the right-hand side of Eq. (6) equals zero. This leads to the equation
where γ = ln
As Eq. (9) is a fifth-order polynomial equation with respect to x, its roots can be found only numerically. We analyzed the contributions of the different terms in Eq. (9) and found that the last term in Eq. (9) is typically small. Since no analytical solution of Eq. (9) exists, in what follows the last term in Eq. (9) is neglected. The condition of equal derivatives of both sides of Eq. (9) provides the second equation for the creation or annihilation of a fixed points pair (in Section 4.3 below, the geometric meaning of this condition will be discussed in detail). Thus, our analysis is based on the following set of equations:
Curve A
For the sake of convenience, we rewrite Eqs. (11) and (12) as
where two auxiliary variables Γ andγ have been introduced:
Note that Γ = Γ(V + ) andγ =γ(V + , V − ). In principle, x can be eliminated from the system (13) and (14); however, the resulting relation between V + and V − is cumbersome and inconvenient for further analysis. It is much more convenient to develop a parametric representation for the bifurcation curve A, where x is considered as a parameter. Substituting Eq. (14) into Eq. (13), we can simplify Eq. (13) tõ γ = 3x
that, together with Eq. (14), can be considered as a parametric form of the
curve. An interesting common feature of Eqs. (14) and (17) is a singular point x c where
A simple calculation shows that this point is located at
can show that this singular point is a turning point (a cusp), namely, a point on a curve where a moving point on the curve must start to move backward. At the cusp, two parts of a curve meet tangentially to each other [19] . To find V + (x), we note that in a zero-order approximation one can neglect the exponential term in (15) to get
Rewriting (15) as
and using Eq. (19), we finally obtain
With the help of Eqs. (10) and (11), we arrive at the equation
(22) Eqs. (21) and (22) define curve A parametrically (as a function of x), and were used to obtain curve A in Fig. 5 . In particular, by substituting the known value of x c into the right-hand sides of Eqs. (21) and (22) 
Curve B
Next, we derive curve B. This curve corresponds to the transition of a stable fixed point through the right boundary x = 1 (see Fig. 6(e) ). Substituting x = 1 into Eq. (11) and taking into account that
where a small term x 2 of f = 0.16 was omitted as it is of the order of the previously omitted last term in Eq. (9) . Taking into account the definition of γ (see Eq. (10)), we obtain
This equation describes curve B, and is presented in Fig. 5 .
Curve C
At small values of V + < 0.023 V, the left-hand side of Eq. (11) is a decreasing function of x, while its right-hand side is always increasing (for x ∈ [0, 1]). In this case one can show that Eq. (11) has a single root practically for all values of V − in the interval 0 ≥ V − ≥ −1 V. This situation is presented graphically in Fig. 6(a) , where the root corresponds to the point of intersection of the curves. As V + increases above 0.023 V, the number of roots stays initially the same (one), although the curve representing the lefthand side of Eq. (11) becomes non-monotonic ( Fig. 6(b) ). At a certain point, V + ≈ 0.5 V and V − ≈ −0.5 V, the curves become tangent to one another ( Fig. 6(c) ). This boundary situation between having only one root and having three roots of Eq. (11) provides the functional relation between V + and V − at the boundary (curve A). To derive C, which is the lower branch of A, we make the following simplification. Assuming that x 2 of f /x 2 is small at the point where C and D are tangent to one another, this term is neglected in Eq. (11) . This leads to the quadratic equation
The condition of zero discriminant (corresponding to the point of interest) results in the equation
Using Eqs. (27) and (10) one finds V − (V + ): (11)), and one root may appear closer to 1. It is important to note that in the vicinity of the minimum, the term x 2 of f /x 2 can not be neglected.
One can see that the upper boundary of the region N st = 2 corresponds to the condition when the two curves representing Eq. (11) touch at a single point (see Fig. 6(d) ). The position of the minimum can be found from
which gives
Substituting Eq. (30) into Eq. (11) we find curve D:
where γ is defined by Eq. (11) with x = x min from Eq. (30). Curve D is described by Eq. (31) and is presented in Fig. 5 inset.
Conclusion
In this paper, we have discovered that two stable fixed points may exist simultaneously in the time-averaged dynamics of a pulse-driven memristor. We have identified and completely determined the parameters of the sequence of pulses that lead to a specific number of stable fixed points, a number which is either 0, 1, or 2. As the parameters of the sequence of pulses can be easily adapted/controlled in a circuit or experiment, our findings open up a novel approach to the use of memristor in a range of applications, from computing to emerging neuromorphic circuits. Our very interesting theoretical results are based, of course, on the specific memristor model [16] in which the memristor evolution function f (x, V M ) is a nonseparable and non-monotonic function of x. We note that due to these properties, the theorems formulated in [14] are not applicable in the present case. Experimental verification of our results is both possible and desirable.
